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Abstract
Let κ be a regular uncountable cardinal. We shall give a criterion for certain reduced products
∏
α<κ Gα/
∏<
α<κ Gα of torsion-
free abelian groups Gα (α < κ) to be ℵ1-free. As an application we shall show that the norm of the Chase radical is ℵ1 in ZFC, a
result which was previously known only under the assumption of the continuum hypothesis 2ℵ0 = ℵ1.
c© 2007 Elsevier B.V. All rights reserved.
MSC: Primary: 20K20; 20K25; 03E40; 03E75
1. Introduction
In 1962 [1] Steven Chase introduced the Chase radical ν in the category of torsion-free abelian groups. Recall that
a torsion-free abelian group G is ℵ1-free if each of its countable subgroups is free. For a torsion-free abelian group
G, ν(G) is then defined as ν(G) = ⋂{Ker(ϕ) | ϕ : G −→ X with X ℵ1-free}. Radicals in general and, in particular
group radicals, got much attention and were studied extensively (see [2] and the references in there). However, the
Chase radical plays a distinguished role since it tests the ℵ1-freeness of torsion-free abelian groups, in other words,
a torsion-free abelian group G is ℵ1-free if and only if ν(G) = 0. Since a product ∏α Gα of ℵ1-free groups Gα is
again ℵ1-free this implies that 0 = ν(∏α Gα) = ∏α ν(Gα) = 0, hence the Chase radical commutes with direct
products in this particular case. However, for any radical µ and torsion-free abelian groups Hα only the inclusion
µ(
∏
α Hα) ⊆
∏
α µ(Hα) holds in general. It was therefore natural to ask which radicals commute with arbitrary
products. In particular, the norm ‖µ‖ of a radical µ was introduced as the smallest cardinal λ such that µ does not
commute with arbitrary direct products of the form
∏
α<λ Hα . It is known that ‖µ‖ is always a regular uncountable
cardinal and in [2] those cardinals were classified that can be realized as the norm λ = ‖µ‖ of some group radical µ.
Moreover, a result due to Eda [4] shows that the norm of the Chase radical is less than or equal to 2ℵ0 , hence ‖ν‖ = ℵ1
assuming the continuum hypothesis 2ℵ0 = ℵ1 (CH).
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In this paper we shall consider reduced products of abelian groups. Motivated by the fact that the Chase radical
ν(G) of some torsion-free abelian group G can be characterized as the smallest pure subgroup H ⊆ G such that
the quotient G/H is ℵ1-free, our main interest is to derive a criterion for the ℵ1-freeness of certain reduced products∏
α<λ Hα/
∏<
α<λ Hα of arbitrary torsion-free abelian groups. Later, in Section 3 we restrict ourselves to reduced
vector groups, i.e. reduced products of rational groups and prove that a reduced vector group is ℵ1-free if and only if
it is Z-homogeneous (cf. Theorem 3.3). These results will then be applied to the Chase radical (see Section 4). We
show that the question whether the Chase radical commutes with direct products strongly depends on the ℵ1-freeness
of the corresponding reduced products (see Lemma 4.7). If the corresponding reduced product is ℵ1-free then the
Chase radical does not commute with the direct product. In particular, we will give an example of a vector group
G =∏α<ℵ1 Rα , which does not commute with the Chase radical ν, that is ν(G) 6=∏α<ℵ1 ν(Rα) (see Theorem 4.8).
This answers an open question in [9] and shows that ‖ν‖ = ℵ1 even in ZFC which proves that the assumption of CH
can be removed in Eda’s result [4].
Throughout this paper, all groups are abelian. If H ⊆ G is a pure subgroup of G, then we shall write H ⊆∗ G.
Moreover, if G is torsion-free and H is not pure, then H∗ denotes the purification of H in G. We shall assume basic
knowledge about abelian group theory as can be found for instance in [6,7]. In particular, we shall assume that the
reader is familiar with the concept of types. The type of an element x ∈ G in a torsion-free group G will be denoted
by t(x) and, if R ⊆ Q is a rational group, we shall write t(R) for the type of R which is well-defined as t(R) = t(x)
for any 0 6= x ∈ R.
2. ℵ1-Free reduced products
In this section we shall consider reduced products of arbitrary torsion-free abelian groups. Therefore let us recall
first the definition of a reduced product and in particular of a vector group. Note that for a product
∏
α<κ Gα of groups
and an element x = (x(α))α<κ ∈∏α<κ Gα we denote the support of x by supp(x) = {α < κ : x(α) 6= 0}.
Definition 2.1. Let κ be a cardinal.
(i) For a family {Gα : α < κ} of groups we define the reduced product by
r∏
α<κ
Gα :=
∏
α<κ
Gα
/ <∏
α<κ
Gα,
where
∏<
α<κ Gα consists of all elements of
∏
α<κ Gα with support of size less than κ .
(ii) For a family {Rα ⊆ Q : α < κ} of rational groups we call the product ∏α<κ Rα a vector group, and the
corresponding reduced product
∏r
α<κ Rα a reduced vector group.
The easiest example of a reduced product is for instance
∏r
n∈ω Z =
∏
n∈ω Z/
⊕
n∈ω Z. If V =
∏r
α<κ Gα is
a reduced product, [x] ∈ V and E ⊆ κ we say that [x] E is constant if the vector x is almost constant on E ,
i.e. constant except for less than κ entries.
In the sequel we shall need the following well-known result due to Pontryagin:
Lemma 2.2 (Pontryagin’s Criterion). A group G is ℵ1-free if and only if every finite rank pure subgroup U ⊆ G is
free.
Proof. See [5, p. 98, Theorem 2.3]. 
We are now aiming for a characterization of those reduced products which are ℵ1-free. Recall that any torsion-free
group G of rank at most λmay be embedded into the vector spaceQ(λ) of dimension λ. For technical reasons we shall,
therefore, consider all groups as subgroups of a fixed vector space. This avoids talking about the above embeddings
and allows us to talk about the intersection of the groups under consideration. However, this is not a serious restriction
and in most applications it is even given naturally. Moreover, this simplification makes the results more accessible and
readable.
Lemma 2.3. Let κ be a regular cardinal and let {Gα ⊆ Q(λ) | α < κ} be a family of torsion-free groups of rank at
most λ for some cardinal λ. Moreover, let V r denote the reduced product V r =∏rα<κ Gα and let {[gβ ] : β < η} ⊆ V r
be a subset of η elements for some η with λη < κ .
Then there exist a cardinal τ ≤ max{ω, λη} and a family of pairwise disjoint sets F := {Eσ | σ < τ } such that
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• Eσ ⊆ κ for all σ < τ ;
• |κ \⋃σ<τ Eσ | < κ;• |Eσ | = κ for all σ < τ ;
• [gβ ]  Eσ is constant for all β < η, and σ < τ .
Proof. Let {[gβ ] : β < η} ⊆ V r be the given subset. We define sets H rβ by
H rβ := {α < κ : gβ(α) = r}
for all r ∈ Q(λ) and β < η. Furthermore, let
F :=
{⋂
β<η
H
rβ
β | (rβ)β<η ∈ (Q(λ))η
}
.
It is easy to see that F is of cardinality θ ≤ max{ω, λη} < κ . So, let us enumerate those sets with θ ,
i.e. F = {Hα | α < θ}. If we now consider the [gβ ]’s, it is immediate that [gβ ]  Hα is constant for all β < η,
α < θ . We claim that κ =⋃α<θ Hα: Fix ξ < κ . Then ξ ∈ H gβ (ξ)β for all β < η and hence
ξ ∈
⋂
β<η
H
gβ (ξ)
β .
Since this holds for all ξ < κ , it follows that κ = ⋃α<θ Hα . If we now define F ′ = {Hα | α < θ, |Hα| < κ},
then |⋃H∈F ′ H | < κ . Hence, if we omit those Hα’s with |Hα| < κ , we obtain the family of sets F := F \ F ′ ={Hα | α < θ, |Hα| = κ} with the property that |κ \⋃H∈F H | < κ . Enumerate F as F = {Eσ | σ < τ } for some
τ ≤ θ ≤ max{ω, λη}, then F clearly satisfies the required properties. 
We are now ready to characterize those families of groups, for which the reduced product is ℵ1-free.
Theorem 2.4. Let λ < κ = cf(κ) be cardinals and let V r =∏rα<κ Gα be the reduced product of torsion-free abelian
groups Gα ⊆ Q(λ) of rank at most λ for α < κ . Then V r is ℵ1-free if and only if, for all I ≤ κ with |I | = κ , the
intersection
⋂
α∈I Gα is ℵ1-free.
Proof. First we prove that V r is ℵ1-free provided that⋂α∈I Gα is ℵ1-free for all I ≤ κ with |I | = κ . By Pontryagin’s
Criterion 2.2, it is sufficient to show, that every finite rank pure subgroup of V r is free.
Let [g1], . . . , [gn] ∈ V r and define C := 〈[g1], . . . , [gn]〉∗. By Lemma 2.3, there is τ ≤ max{ω, λη} and a family
F = {Eα | α < τ }
with |κ \⋃α<τ Eα| < κ , |Eα| = κ for all α < τ and [gi ]  Eα is constant for all 1 ≤ i ≤ n, α < τ . We now consider
F := {[v] ∈ V r | [v]  Eα is constant for all α < τ }.
Obviously, it is sufficient to prove that F ⊆∗ V r and F is ℵ1-free, since then C ⊆∗ V r and C ⊆ F implies that C is
free.
Let [v] ∈ V r such that k[v] ∈ F with k ∈ Z \ {0}. Then k[v]  Eα is constant for all α < τ and hence it is clear
that [v]  Eα is constant for all α < τ since all groups Gβ are torsion-free. This implies that [v] ∈ F , i.e. F ⊆∗ V r .
It remains to show that F is ℵ1-free. In order to do so, we define a map
ϕ : F −→
∏
α<τ
( ⋂
β∈Eα
Gβ
)
via [ f ] 7→ z with z(α) = gα ∈
⋂
β∈Eα
Gβ ⇔ [ f ]  Eα = gα.
It is easy to check that ϕ is well defined. Moreover, the injectivity of ϕ follows from the fact that |κ\⋃α<τ Eα| < κ .
Since a product of ℵ1-free groups is again ℵ1-free, we obtain that F is ℵ1-free and hence C ⊆∗ F is free.
Conversely, assume that V r is ℵ1-free. We need to show that ⋂α∈I Gα is ℵ1-free for all I ≤ κ with |I | = κ .
Suppose not. Then there is I ⊆ κ with |I | = κ such that K := ⋂α∈I Gα is not ℵ1-free. Hence K contains a non-free
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subgroup of finite rank, that means, there are linearly independent elements h1, . . . , hn ∈ K such that 〈h1, . . . , hn〉∗
is not free. Define [gi ] ∈ V r (1 ≤ i ≤ n) in the following way:
gi  I = hi and gi  (κ \ I ) = 0 for all 1 ≤ i ≤ n.
This now allows us to define
ψ : 〈[g1], . . . , [gn]〉∗ −→ 〈h1, . . . , hn〉∗⊆∗ K
with ψ([gi ]) = hi for all 1 ≤ i ≤ n, which easily turns out to be an isomorphism. Therefore, 〈[g1], . . . , [gn]〉∗ ∼=
〈h1, . . . , hn〉∗ is not free, contradicting the ℵ1-freeness of V r . 
We finish this section with a special case of the above Theorem 2.4, which is interesting in its own right.
Corollary 2.5. Let 2λ < κ = cf(κ) be cardinals and V r = ∏rα<κ Gα with Gα ⊆ Q(λ) a reduced product of torsion-
free groups Gα of rank at most λ. Then V r is ℵ1-free if and only if Gα is ℵ1-free for almost all α < κ .
Proof. Recall first, that in this context ‘for almost all’ means for all but less than κ groups Gα . Assume that there is
I ⊆ κ with |I | = κ such that Gα is not ℵ1-free for all α ∈ I . Since there are at most 2λ < κ subgroups of Q(λ), there
is I ′ ⊆ I with |I ′| = κ such that Gα is constant for all α ∈ I ′. Hence
Gα =
⋂
α∈I ′
Gα
is not ℵ1-free and thus, by Theorem 2.4, V r cannot be ℵ1-free.
Conversely, let V r be ℵ1-free. Then ⋂α∈I Gα is ℵ1-free for all I ⊆ κ with |I | = κ , by Theorem 2.4. For each
α < κ , define Iα = {β < κ | Gβ = Gα} and let
I ′ :=
⋃
α<κ,|Iα |<κ
Iα.
Then |I ′| < κ since only 2λ < κ different Gα ⊆ Q(λ) may exist. Hence, for all α ∈ κ \ I ′ we have that
Gα =
⋂
β∈Iα
Gβ
is ℵ1-free, by hypothesis and since |Gα| = κ in this case. 
3. Reduced vector groups
In this section we apply our main Theorem 2.4 to the special case of reduced vector groups. We first state a
simplified version of theWald–Łos´-Lemma. For the more general version and the proof see [5, Proposition 3.4, p. 30].
Lemma 3.1 (Wald, Łos´). Let κ > ℵ0 be a cardinal and let {Gα : α < κ} be a family of groups. Then, for every
A ⊆ ∏rα<κ Gα such that |A| < κ , there is a monomorphism γ : A −→ ∏α<κ Gα with idA = pi ◦ γ , where pi is the
canonical epimorphism from
∏
α<κ Gα onto
∏r
α<κ Gα .
As mentioned before, we here investigate vector groups, and reduced vector groups. In particular, we shall
characterize those reduced vector groups, which are ℵ1-free. For this purpose, we introduce the following notion:
given a cardinal κ , we say that the vector group V =∏α<κ Rα of rational groups Rα ⊆ Q satisfies the Sκ -property if
and only if, for all 0 6= x ∈ V with |supp(x)| = κ , we have t(x) = t(Z).
We begin with showing that the Sκ -property of V is an equivalent condition for the reduced vector group
V r =∏rα<κ Rα to be Z-homogeneous, i.e. homogeneous of type t(Z).
Lemma 3.2. Let κ be a regular cardinal and let V =∏α<κ Rα be the vector group of rational groups Rα ⊆ Q. Then
V has the Sκ -property if and only if the reduced vector group V r is Z-homogeneous.
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Proof. It is easy to see that, whenever the reduced vector group V r is Z-homogeneous, then the vector group V
satisfies the Sκ -property. Hence it remains to prove the converse implication. Let 0 6= [g] ∈ V r . By Lemma 3.1 there
is a monomorphism ϕ : 〈[g]〉∗ ⊆ V r −→ V with [g] = [g]ϕpi where pi is the canonical projection.
Let us now consider [g]ϕ. Since [g]ϕpi = [g] it follows that [g] is the coset of [g]ϕ. Hence |supp([g]ϕ)| = κ
because otherwise [g] = 0. Therefore t([g]ϕ) = t(Z) since V has the Sκ -property by assumption. It now follows that
t([g]) ≤ t([g]ϕ) = t(Z) and hence t([g]) = t(Z); thus we are done. 
Next we use the above Lemma 3.2 and Theorem 2.4 to characterize ℵ1-free reduced vector groups.
Theorem 3.3. Let κ be a regular cardinal, V =∏α<κ Rα be a vector group and let V r be the corresponding reduced
vector group. Then the following are equivalent:
(i) V r is ℵ1-free;
(ii) V satisfies the Sκ -property;
(iii) V r is Z-homogeneous.
Proof. First note, that the equivalence of (ii) and (iii) has already been established in Lemma 3.2. Moreover, it is
clear that ℵ1-freeness implies Z-homogeneity. Hence it remains to prove that (iii) implies (i). But this follows from
Theorem 2.4 which states that V r is ℵ1-free if and only if, for all I ≤ κ with |I | = κ , the intersection ⋂α∈I Rα isℵ1-free. However, since all groups Rα are rational groups the intersection ⋂α∈I Rα is again a rational group which
is homogeneous of type Z by assumption. Thus
⋂
α∈I Rα is isomorphic to Z and hence free. This finishes the proof.

That the above Theorem 3.3 cannot be generalized to arbitrary groups in the canonical way is demonstrated by the
following example:
Example 3.4. Let C be a Z-homogeneous, indecomposable group of rank 2 (for the existence of such a group
see [7, Theorem 88.4]). Moreover, let κ be a regular cardinal and V := ∏κ C , V r be the reduced product and the
corresponding reduced product of C respectively. Then it is easily seen, using Lemma 3.1, that V r is Z-homogeneous:
For any [x] ∈ V r , there is an embedding ϕ : 〈[x]〉∗ ↪→∏κ C and hence t([x]) ≤ t([x]ϕ) = t(Z), i.e. t([x]) = t(Z).
However, V r is not ℵ1-free: Since C is indecomposable of rank 2, it follows immediately that Hom(C,Z) = 0
and hence νC = C . Therefore, by Lemma 4.3, we have∏κ C = ∏κ νC = ν∏κ C . In particular,∏<κ C ( ν∏κ C .
However, ν
∏
κ C is the minimal group such that
∏
κ C/ν
∏
κ C is ℵ1-free by Lemma 4.6, and thus it follows that
V =∏rκ C cannot be ℵ1-free.
Moreover, the following two examples demonstrate that the property of being Z-homogeneous for a reduced vector
group may depend on the underlying set theory.
Example 3.5. Under the assumption of Martin’s Axiom MA and the negation of the continuum hypothesis CH, every
strictly descending chain C = {tα : α < κ} of types which is of cofinality κ < 2ℵ0 has a lower bound S with
tα > S > t (Z) for all α < κ (for a proof see [8,9]). Therefore the vector group V = ∏α<κ Rα with t(Rα) = tα does
not satisfy the Sκ -property and hence the corresponding reduced vector group V r is not Z-homogeneous.
On the other hand, we have:
Example 3.6. Under the assumption of the continuum hypothesis, every strictly descending chain C = {tα : α < κ}
of types which is of cofinality κ > ℵ0 can be extended in such a way that infC = t(Z). In particular, there is a chain
C of cofinality ℵ1 = 2ℵ0 such that the reduced vector group V r =∏rα<κ Rα is Z-homogeneous with t(Rα) = tα .
Finally, we present a straightforward generalization of Theorem 3.3. In fact, we consider groups which can be
embedded in a vector group.
Theorem 3.7. Let κ be a regular cardinal and let {Gα | α < κ} be a family of torsion-free groups such that each
Gα is embeddable in a vector group Vα over less than κ rational groups. If
∏
α<κ Vα has the Sκ -property, then the
reduced product
∏r
α<κ Gα is ℵ1-free.
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Proof. Let Gα , Vα be as above, say
ια : Gα −→ Vα =
∏
λ<θα
Rαλ ,
for some θα < κ . Moreover, put ϕ =∏α<κ ια , i.e.
ϕ :
∏
α<κ
Gα −→
∏
α<κ
Vα =
∏
α<κ,λ<θα
Rαλ
is defined in the obvious way. By assumption and by Theorem 3.3, we have that
∏r
α<κ,λ<θα
Rαλ is ℵ1-free. Next let
ϕ˜ :
r∏
α<κ
Gα −→
r∏
α<κ,λ<θα
Rαλ be defined via [x] 7→ xϕpi
with pi : ∏α<κ,λ<θα Rαλ −→ ∏rα<κ,λ<θα Rαλ the canonical projection. We show that ϕ˜ is a well-defined embedding,
which then implies the desired ℵ1-freeness of∏α<κ Gα , since subgroups of ℵ1-free groups are also ℵ1-free.
First, we prove(
<∏
α<κ
Gα
)
ϕ =
<∏
α<κ,λ<θα
Rαλ ∩
(∏
α<κ
Gα
)
ϕ.
Let x ∈ ∏<α<κ Gα . Then xϕ ∈ (∏α<κ Gα)ϕ and |supp(xϕ)| < κ , which implies that xϕ ∈ ∏<α<κ,λ<θα Rαλ ∩
(
∏
α<κ Gα)ϕ.
For the converse inclusion, let y ∈ ∏<α<κ,λ<θα Rαλ ∩ (∏α<κ Gα)ϕ. Then there is x ∈ ∏α<κ Gα such that xϕ = y.
Moreover, we know that |supp(y)| < κ and, as ϕ is monic, we obtain |supp(x)| ≤ |supp(y)| < κ . Therefore,
y = xϕ ∈ (∏<α<κ Gα)ϕ and so the above equality is proven. Now it is clear, that the induced homomorphism ϕ˜ is
well defined.
It remains to prove that ϕ˜ is monic. In order to do so, let [x] ∈ ∏rα<κ Gα and assume xϕpi = 0, i.e. xϕ ∈∏<
α<κ,λ<θα
Rαλ . Moreover, xϕ ∈ (
∏
α<κ Gα)ϕ which implies that xϕ ∈ (
∏<
α<κ Gα)ϕ and thus [x] = 0. So the proof
is finished. 
The last corollary of this section is some kind of a generalization of the Wald–Łos´-Lemma 3.1 in the following
sense: it does not only provide a criterion for countableU ⊆∏rκ Z to be embeddable into∏ω Z, but also for countable
subgroups of more general reduced vector groups.
Corollary 3.8. Let κ be a regular cardinal and let V r = ∏rα<κ Rα be a Z-homogeneous, reduced vector group of
rational groups Rα ⊆ Q. Then, for all U ⊆ V r with |U | = ℵ0, there is a monomorphism α : U −→∏ω Z.
Proof. The result follows from the proofs of Theorems 3.3 and 2.4. 
4. On the Chase radical
In this section we finally consider the Chase radical which was originally introduced by Steven Chase in 1962
(see [1]).
Definition 4.1. For a group G the Chase radical ν(G) is defined by
ν(G) =
⋂
{Ker(ϕ) | ϕ : G −→ X with Xℵ1-free}.
Note that the Chase radical is, indeed, a radical and has the nice property to ‘test’ ℵ1-freeness, i.e. ν(G) = 0 if and
only if G is ℵ1-free (cf. [5,9]). Recall, that the radical properties for ν mean the following for groups G,G ′:
(i) ν(ν(G)) ⊆ ν(G),
(ii) ν(G/ν(G)) = 0,
(iii) (ν(G))σ ⊆ ν(G ′) for every homomorphism σ : G −→ G ′,
(iv) ν(
⊕
i∈I Gi ) =
⊕
i∈I ν(Gi ) for any family {Gi : i ∈ I } of groups, and
(v) ν(
∏
i∈I Gi ) ⊆
∏
i∈I ν(Gi ) for any family {Gi : i ∈ I } of groups.
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Note, that the inclusion in (v) above raises the question under which conditions equality holds, i.e. under which
conditions the Chase radical, and more generally an arbitrary radical commutes with products. It is therefore natural
to introduce the norm ‖ν‖ of the Chase radical ν as
‖ν‖ = min
{
λ ≥ ω : there is a family of torsion-free groups Gα(α < λ) such that ν
(∏
α<λ
Gα
)
=
∏
α<λ
ν(Gα)
}
which is always a regular cardinal (see [2, Observation 4.3]). For the Chase radical the following result shows that it
commutes with arbitrary countable families of groups; the proof uses an old result of Balcerzyk, respectively a more
specific result due to Hulanicki (cf. [6, Corollary 42.2]).
Lemma 4.2. Let {Gn : n < ω} be a countable family of groups. Then ν(∏n<ω Gn) = ∏n<ω νGn . In particular,‖ν‖ ≥ ℵ1.
Proof. See [3, Section 5]. 
Next we show that the Chase radical even commutes with arbitrary products over a fixed countable group C .
Lemma 4.3. Let κ be a cardinal and let C be a countable group. Then ν
(∏
κ C
) =∏κ ν(C).
Proof. Let κ be a cardinal and C a countable group. Suppose, for contradiction, that ν(
∏
α<κ C) (
∏
α<κ ν(C). By
Lemma 4.2 we may suppose that κ is uncountable. Then there is
0 6= c = (cα)α<κ ∈
∏
α<κ
ν(C) \ ν
(∏
α<κ
C
)
.
We now define Iq := {α < κ | cα = q} for all q ∈ C . This implies c ∈ ∏q∈C ∏α∈Iq ν(C). Since C is countable it
follows that:
c 6∈ ν
∏
q∈C
∏
α∈Iq
C
 = ∏
q∈C
ν
∏
α∈Iq
C

and hence there is l ∈ C with |Il | > ℵ0 such that c  Il 6∈ ν(∏α∈Il C). It is clear that cα = l for all α ∈ Il . It thus
follows that there is a homomorphism ϕ : ∏α∈Il C −→ X with X ℵ1-free and (c  Il)ϕ 6= 0. Therefore we may
define
∇ : C −→
∏
α∈Il
C via c 7→ (c, . . . , c, . . .)
and conclude that ∇ϕ : C −→ X satisfies l∇ϕ = c  Ilϕ 6= 0. We obtain that l 6∈ ν(C), but on the other hand
c  Il ∈∏α∈Il ν(C) and so it is immediate that l ∈ ν(C) – a contradiction. 
The above results leave the question open, if the Chase radical ν commutes with uncountable products in general,
i.e. products with uncountable index set. In particular, the goal is to determine ‖ν‖ explicitly. The first question
was answered negatively by Eda [4]. He showed that there is a family of rational groups Rα (α < κ) for some
ℵ0 < κ ≤ 2ℵ0 such that the Chase radical does not commute with the product ∏α<κ Rα over this family, hence‖ν‖ ≤ 2ℵ0 . However, his proof does not provide a satisfying answer in ZFC as we shall explain below. First recall,
that the Chase radical for a group G is determined by its countable subgroups C with trivial dual, i.e.
ν(G) =
∑
{ν(C) | C ⊆ G, |C | = ℵ0,Hom(C,Z) = 0}, (1)
as proved in [4].
Lemma 4.4 (Eda [4]). There exists a descending chain of types {tα : α < κ} for some cardinal κ with ℵ0 < κ ≤ 2ℵ0
such that, for every countable group C with Hom(C,Z) = 0, there is β < κ such that Hom(C, Rβ) = 0, where Rβ is
a rational group of type tβ .
Proof. See [4, Theorem 5]. 
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For the convenience of the reader we include the proof of the following result:
Lemma 4.5 (Eda [4]). There exists a cardinal ℵ0 < κ ≤ 2ℵ0 and a group G := ∏α<κ Gα with ν(G) 6= G, but
ν(Gα) = Gα for all α < κ . Hence the Chase radical does not commute with uncountable products in general and
satisfies ‖ν‖ ≤ 2ℵ0 .
Proof. Let {tα : α < κ} be as in Lemma 4.4 and Rα the corresponding rational groups. Moreover, let
G :=
∏
α<κ
Rα.
Since tα > t0, it holds that Hom(Rα,Z) = 0 and hence ν(Rα) = Rtα for all α < κ . Now, let a = (aα)α<κ ∈ G be
arbitrary with aα 6= 0 for all α < κ .
The element a cannot be contained in any countable subgroup U ⊆ G with trivial dual. Otherwise, by Lemma 4.4,
there is an α < κ with the property that Hom(U, Rα) = 0. This is obviously a contradiction, since a ∈ U and hence
the canonical projection piα : G −→ Rα implies that apiα = aα 6= 0.
Therefore a 6∈ ν(G) by (1) and thus we conclude ν (∏α<κ Rα) (∏ ν(Rα) =∏α<κ Rα , as required. 
Obviously, the above theorem shows that under the assumption of CH we have ‖ν‖ = ℵ1. However, Example 3.5
proves that the minimal length of a descending chain as used in the proof of Lemma 4.5 can be larger than ℵ1 for
instance assuming Martin’s Axiom and the negation of the continuum hypothesis.
Before we can proceed with showing that ‖ν‖ = ℵ1 even holds in ZFC we need the following lemmas. The first one
characterizes the Chase radical ν(G) of a group G as the minimal subgroup H ⊆ G such that G/H is ℵ1-free, while
the second one provides a criterion for the Chase radical ν to commute with products depending on the corresponding
reduced product.
Lemma 4.6. Let G be a group and let U ⊆ G be a subgroup of G such that G/U is ℵ1-free. Then ν(G) ⊆ U,
i.e. ν(G) is minimal among all subgroups U of G with ℵ1-free quotient G/U.
Proof. Let U ⊆ G be as stated in Lemma 4.6 and let piU : G −→ G/U denote the canonical epimorphism. Since
G/U is ℵ1-free, we obtain that
ν(G) =
⋂
{Ker(ϕ) | ϕ : G −→ X with X ℵ1-free} ⊆ KerpiU = U.
Hence ν(G) is minimal with respect to the desired property. Note that G/ν(G) is ℵ1-free since ν(G/ν(G)) = 0. 
Lemma 4.7. Let κ be a regular cardinal and let V r = ∏rα<κ Gα be an ℵ1-free reduced product. Moreover,
suppose that ν commutes with products of size λ for all λ < κ , and that ν(Gα) = Gα for all α < κ . Then
ν(
∏
α<κ Gα) (
∏
α<κ νGα .
Proof. Let κ be a regular cardinal and V r be as stated in Lemma 4.7. By assumption, ν commutes with products of size
λ for all λ < κ and hence we obtain, for all subfamilies {Gα : α < λ}, that ν(∏α<λ Gα) =∏α<λ ν(Gα) =∏α<λ Gα .
Therefore we deduce
ν
(
<∏
α<κ
Gα
)
=
<∏
α<κ
Gα.
This implies that
<∏
α<κ
Gα ⊆ ν
(∏
α<κ
Gα
)
.
On the other hand, V r =∏α<κ Gα/∏<α<κ Gα is ℵ1-free and hence, by Lemma 4.6, we have
<∏
α<κ
Gα ⊇ ν
(∏
α<κ
Gα
)
,
and thus equality holds. We finally conclude ν(
∏
α<κ Gα) =
∏<
α<κ Gα 6=
∏
α<κ νGα as required. 
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We are now ready to prove that the Chase radical ν does not commute with arbitrary products of size ℵ1 and hence
satisfies ‖ν‖ = ℵ1 in ZFC.
Theorem 4.8. There is a vector group V =∏α<ℵ1 Rα such that the Chase radical ν does not commute with V , i.e.
ν
( ∏
α<ℵ1
Rα
)
6=
∏
α<ℵ1
ν(Rα).
In particular, ‖ν‖ = ℵ1 holds in ZFC.
Proof. First we recall the construction of an antichain {Rα : α < ℵ1} of rational groups such that t(Rα)∧t(Rβ) = t(Z)
for all α 6= β < ℵ1, but t(Rα) 6= t(Z) for each α < ℵ1.
As is well known, there exists a family of almost disjoint subsets Aα of the set of primes of size ℵ1, in fact, of size
2ℵ0 . Now define
Rα :=
〈
1
p
: p ∈ Aα
〉
.
Since Aα ∩ Aβ is finite for any α 6= β, it follows immediately, that the family {Rα : α < ℵ1} satisfies the desired
properties.
By the definition of the Chase radical and since t(Rα) 6= t(Z), we have that ν(Rα) = Rα for all α < ℵ1. Moreover,
it is easy to see that V = ∏α<ℵ1 Rα satisfies the Sℵ1 -property and hence V r is ℵ1-free, by Theorem 3.3. Finally, we
apply Lemma 4.7 and deduce
ν
( ∏
α<ℵ1
Rα
)
6=
∏
α<ℵ1
Rα =
∏
α<ℵ1
ν(Rα).
This finishes the proof. 
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